In 1930, Schreier used the now-called Schreier sets to construct a counter-example to a question by Banach and Sak. A set is weak-Schreier if min S ≥ |S|, strong-Schreier if min S > |S|, and maximal if min S = |S|. For each n ∈ N, define M n to be the number of weak-Schreier sets with n being its maximum. If we define the Fibonacci sequence to be F −1 = 1, F 0 = 0 and F m = F m−1 + F m−2 for all m ≥ 1, it is known that M n = F n for all n. (The author is unable to find the first person to prove this result though it was discussed in a blog.)
Background and Main Results
Let the Fibonacci sequence be F −1 = 1, F 0 = 0, and F m = F m−1 + F m−2 for all m ≥ 1. We only concern ourselves with finite subsets of natural numbers. In 1930, Schreier used the now-called Schreier sets to construct a counter-example to a question by Banach and Sak [8] . Though first being defined to solve a problem in Banach space theory, Schreier sets turn out to have many good properties. For example, if we count Schreier sets in a certain way, we have the Fibonacci sequence. In this paper, we define a set to be weak-Schreier if min S ≥ |S|, strong-Schreier if min S > |S|,
where |S| is the cardinality of set S. (In Banach space theory, strong-Schreier sets are said to be non-maximal.) For each n ∈ N, let M n be the number of weak-Schreier sets with n being its maximum. In notation, M n = |{max S = n | min S ≥ |S|}|.
The first few values are 1, 1, 2, 3, 5, 8, 13, 21, 34, . . .; indeed, it is known that M n = F n for all n [10] . However, the author is unable to find the first person to prove this result. It turns out that if we look at either strong-Schreier sets or maximal sets instead, we also observe the Fibonacci sequence. Theorem 1. We can see the Fibonacci sequence in the following ways. For each n ∈ N, 1 1. let A n be the number of strong-Schreier sets S with max S = n. Then A n = F n−1 .
2. let B n be the number of maximal sets S with max S = n. Then B n = F n−2 .
3. let C n be the number of weak-Schreier sets as subsets of {1, 2, . . . , n} (including the empty set). Then C n = F n+2 .
4. let D n be the number of strong-Schreier sets as subsets of {1, 2, . . . , n} (including the empty set). Then D n = F n+1 .
In 1972, Zeckendorf proved that every positive integer can be uniquely written as a sum of Fibonacci numbers such that no two summands are consecutive Fibonacci numbers [9] . Since then, many papers have generalized this result and explored its properties including [1, 2, 3, 4, 5, 7] . We focus on the important requirement for uniqueness of the Zeckendorf decomposition; that is, no two consecutive Fibonacci numbers are allowed in a sum and call this the Zeckendorf condition. For each n ∈ N, define E n to be the number of subsets of {1, 2, . . . , n} that do not contain two consecutive numbers or, in other words, satisfy the Zeckendorf condition. It is well-known that E n = F n+2 .
It is intriguing to see that two ways of counting subsets of {1, 2, . . . , n} give the same number; that is, C n = E n . To understand the connection between the two results, we construct a bijective mapping to show that C n = E n directly. Our proof is independent of the fact that C n = E n = F n+2 and thus, provides insight into the seemingly mysterious equality.
Next, a natural question is about sequences formed by the number of sets that satisfy both the Schreier and the Zeckendorf conditions. In particular, we say that a set satisfies the k-Zeckendorf condition if any two numbers in the set are at least k apart. We discover linear recurrence relations among the number of sets satisfying both the Schreier and the k-Zeckendorf conditions. First, we prove the following neat result about linear recurrence relations among the number of sets satisfying the k-Zeckendorf conditions. Surprisingly, it has been well-known that for k = 2, we have the Fibonacci sequence, but the author does not find a formal generalization for bigger values of k.
Theorem 3. Fix k ∈ N ≥2 . For each n ∈ N, let G k,n be the number of subsets of {1, 2, . . . , n} whose elements are at least k apart. Then
We can see that for k = 2, we have G 2,n = n + 1 for 1 ≤ n ≤ 2, G 2,n = G 2,n−1 + G 2,n−2 for n > 2, which is the Fibonacci sequence.
Theorem 4. Fix k ∈ N ≥2 . For each n ∈ N, let H k,n be the number of subsets of {1, 2, . . . , n} that satisfy three conditions: 1) satisfy the k-Zeckendorf condition, 2) contain n, and 3) are weak-Schreier. Then H k,n = 1 for 1 ≤ n ≤ k + 1, H k,n = H k,n−1 + H k,n−(k+1) for n > k + 1.
Remark 5. Comparing the linear recurrence relation in Theorem 3 and Theorem 4, we see that by requiring our sets to contain n and to be weak-Schreier, we increase the order of the linear recurrence relation by 1.
We will prove both Theorem 3 and Theorem 4. The following theorems are included for completion and we do not prove them since the proof is very similar to the proof of Theorem 4. Instead of being weak-Schreier, if our sets are strong-Schreier, we still have the same linear recurrence relation. Theorem 6. Fix k ∈ N ≥2 . For each n ∈ N, let I k,n be the number of subsets of {1, 2, . . . , n} that satisfy three conditions: 1) satisfy the k-Zeckendorf condition, 2) contain n, and 3) are strong-Schreier. Then
Theorem 7. Fix k ∈ N ≥2 . For each n ∈ N, let I k,n be the number of subsets of {1, 2, . . . , n} that satisfy three conditions: 1) satisfy the k-Zeckendorf condition, 2) contain n, and 3) are maximal. Then
We give the following definition that is useful for the statement of our last result.
The empty set and a set with exactly one element do not have a difference set.
We end with the following small and neat result.
Theorem 9. Fix n ∈ N. The number of subsets of {1, 2, . . . , n} 1. that contain n and whose difference sets contain only odd numbers is P n = F n+1 , 2. whose difference sets contain only odd numbers (the empty set and sets with exactly one element vacuously satisfy this requirement) is Q n = F n+3 − 1.
Proof of Theorem 1
We first prove item (1). Once item (1) is proved, other items follow immediately. Simple computation gives
It suffices to prove that A n + A n+1 = A n+2 for n ≥ 4. Fix n ≥ 4 and we will find a formula for A n . The minimum number k in our sets can take values from 1 to n. For each value of k, there are n − k − 1 numbers strictly between k and n. Because our sets are strong-Schreier, they contain at most k − 3 numbers out of these n − k − 1 numbers. Hence, our formula for A n is
Note that the number 1 in our formula accounts for the set {n}. It remains to show that
Therefore,
The last equality is because for each
Next, we prove item (2), which follows immediately from item (1) . We know that
We prove item (3). Fix n ≥ 1. We have
as desired. The number 1 accounts for the empty set. The fact that n k=1 F k = F n+2 − 1 is due to Lucas [6] .
Similarly, we prove item (4). Fix n ≥ 1. We have
We complete our proof of Theorem 1.
Corollary 10. For each n ∈ N, let L w n be the number of weak-Schreier sets as subsets of {1, 2, . . . , n} with an even maximum. Then L w n = F n if n is odd, L w n = F n+1 if n is even.
Proof. We have
The number 1 accounts for the empty set. If n is even,
If n is odd,
Corollary 11. For each n ∈ N, let L s n be the number of strong-Schreier sets as subsets of {1, 2, . . . , n} with an odd maximum. Then
If n is even,
Proof of Theorem 2 -Explanation of the Mysterious Identity
Recall that C n is the number of weak-Schreier sets as subsets of {1, 2, . . . , n}, while E n is the number of subsets of {1, 2, . . . , n} that do not contain two consecutive numbers. At the first glance, C n and E n are little related, so it is surprising to see that C n = E n for all n ∈ N. For each n ∈ N, let X n denote the set of weak-Schreier sets as subsets of {1, 2, . . . , n} and let Y n denote the set of subsets of {1, 2, . . . , n} that do not contain two consecutive numbers. In this section, we construct a bijective function f : X n → Y n to show that C n = E n . The function provides insight into the curious identity.
Proof of Theorem 2. Fix n ∈ N. Let A = {a 1 , a 2 , . . . , a k−1 , a k } (a 1 < a 2 < · · · < a k ) be a weak-Schreier subset of {1, 2, . . . , n}. Our mapping f acts on A as follows
Define f (∅) = ∅. For the rest of the proof, we only care about non-empty sets. We now show that f is a well-defined and bijective function. To show it is well-defined, it suffices to show that
Next, we prove that f is injective. Notice that f preserves sets' cardinality. So, given two different sets A and B in X, f (A) = f (B) only if A and B have the same cardinality. We show that this is not the case by proof by contradiction. Suppose that f
Finally, we prove that f is surjective. Let C = {c 1 , c 2 , . . . , c k } ∈ Y be chosen, where c 1 < c 2 < · · · < c k . We will construct a set D ∈ X such that f (D) = C. We claim that
It suffices to prove that D ∈ X. Because C do not contain two consecutive numbers, we know that
So, D is a subset of {1, 2, . . . , n}. Furthermore, c 1 + (k − 1) ≥ 1 + (k − 1) ≥ k. Hence, D is a weak-Schreier set and thus, D ∈ X.
We have shown that f is both well-defined and bijective. Therefore, |X| = |Y | or C n = E n , as desired.
Proof of Theorem 3 and Theorem 4
Proof of Theorem 3. For n ≤ k, the only subsets of {1, 2, . . . , n} that satisfy the k-Zeckendorf condition are either the emptyset or sets with exactly one element. Hence, G k,n = n + 1 for 1 ≤ n ≤ k. It remains to prove that G k,n = G k,n−1 + G k,n−k for n > k. The argument is quite straight-forward. Denote S k,n to be the set of subsets of {1, 2, . . . , n} that satisfy the k-Zeckendorf condition. We classify S k,n into two types S 1 k,n and S 2 k,n , where sets in S 1 k,n do not contain n and sets in S 2 k,n contain n. Clearly, S 1 k,n = S k,n−1 and S 2 k,n = S k,n−k . Hence, |S k,n | = |S k,n−1 | + |S k,n−k | or, equivalently, G k,n = G k,n−1 + G k,n−k for n > k, as desired.
Before we prove Theorem 4, we need a simple proposition and [5, Lemma 2.1].
Proposition 12. We make the following claims
, then n−1 k+1 = n−2 k+1 + 1,
, then n−1 k+1 < n−2 k+1 + 1.
If n−k−2 k+1
= n−2 k+1 , then n−k−2 k+1 = n−2 k+1 . Proof. We prove claim (1). We have
Therefore, n − 1 k + 1 = n − 2 k + 1 + 1.
Next, we prove claim (2) . We have
Lastly, we prove claim (3). Write n − k − 2 = (k + 1)p + q for some 0 ≤ q ≤ k. Then
If q ≥ 1, then n−2 k+1 = p + 1 > p = n−k−2 k+1 , a contradiction. So, q = 0, implying that n−k−2 k+1 = n−2 k+1 . Lemma 13. The number of solutions to y 1 +. . .+y p = n with y i ≥ c i (each c i a non-negative integer) is n−(c 1 +···+cp)+p−1
Proof of Theorem 4. Fix k ≥ 2. We now find a formula for H k,n for all n ∈ N. Fix 1 ≤ ℓ ≤ n − 1. Suppose that the set {a 1 , . . . , a ℓ , n} satisfies all of our requirements. (For ℓ = 0, we have the set {n}.) In particular,
Note that
By Lemma 13, the number of sets satisfying Equation 1 is
Therefore, the number of sets containing n that are k-Zeckendorf and weak-Schreier is
The number 1 accounts for the set {n} and we only let ℓ run up to n−1 k+1 to make sure that n − kℓ − 1 ≥ ℓ. It can be easily verified that H k,n = 1 for 1 ≤ n ≤ k + 1 because n−1 k+1 = 0 for 1 ≤ n ≤ k + 1. It suffices to show that for n ≥ k + 2, H k,n = H k,n−1 + H k,n−(k+1) . Equivalently,
We can simplify Equation 3 further to have
Equivalently,
Or,
We now prove that Equation 4 is correct, which implies that Equation 2 is correct. because n−k−2 k+1 = n−2 k+1 . Similarly, the right side is also equal to 1. In both cases, Equation 4 is correct. This completes our proof.
Proof of Theorem 9-A New Way to See the Fibonacci Sequence
First, we prove item (1). Base cases: For n = 1, we have {1} to be the only subset of {1} that satisfies our requirement. So, P 1 = 1 = F 2 . For n = 2, we have {2} and {1, 2} to be the only two subsets of {1, 2} that satisfy our requirement. So, P 2 = 2 = F 3 .
Inductive hypothesis: Suppose that there exists k ≥ 2 such that for all n ≤ k, P n = F n+1 . We will show that P k+1 = F k+2 . Let O n denote the set of subsets of {1, 2, . . . , n} that satisfy our requirement. Note that unioning a set in O n−1 with n produces a set in O n ; unioning a set in O n−3 with n produces a set in O n ; unioning a set in O n−5 with n produces a set in O n ; . . .. Therefore,
The number 1 accounts for the set {n}. If k is odd,
In both cases, we have k i=3,i∤2 |O k+1−i | = P k−1 − 1. Therefore, P k+1 = P k + P k−1 = F k+1 + F k = F k+2 , as desired.
Next, we prove item (2) . Base cases: For n = 1, we have ∅ and {1} as subsets of {1} that satisfy our requirement. So, Q 1 = 2 = F 4 − 1. For n = 2, we have ∅, {1}, {2}, and {1, 2} as subsets of {1, 2} that satisfy our requirement. So, Q 2 = 4 = F 5 − 1.
Inductive hypothesis: Suppose that there exists k ≥ 2 such that for all n ≤ k, Q n = F n+3 −1. We will prove that Q k+1 = F k+4 −1. Let T n denote the set of subsets of {1, 2, . . . , n} that satisfy our requirement about its difference set. We partition T k+1 into T 1 k+1 and T 2 k+1 , where T 1 k+1 is the set of subsets that do not contain k + 1 and T 2 k+1 is the set of subsets that contain k + 1. Clearly, T 1 k+1 = T k . We will show that |T 2 k+1 | = |T k−1 | + 1. Unioning a set in O k with k + 1 produces a set in T 2 k+1 ; unioning a set in O k−2 with k + 1 produces a set in T 2 k+1 ; unioning a set in O k−4 with k + 1 produces a set in T 2 k+1 ; . . .. Therefore, if k + 1 is odd, |T 2 k+1 | = |O k | + |O k−2 | + · · · + |O 2 | + 1 = F k+1 + F k−1 + · · · + F 3 + F 1 = F k+2 = Q k−1 + 1 (by our inductive hypothesis),
where the last 1 in the first equality accounts for the set {k + 1}. If k + 1 is even, |T 2 k+1 | = |O k | + |O k−2 | + · · · + |O 1 | + 1 = F k+1 + F k−1 + · · · + F 2 + 1 = F k+2 = Q k−1 + 1 (by our inductive hypothesis).
In both cases |T 2 k+1 | = Q k−1 + 1 = |T k−1 | + 1. Therefore, Q k+1 = |T k+1 | = |T 1 k+1 | + |T 2 k+1 | = |T k | + |T k−1 | + 1 = (F k+3 − 1) + (F k+2 − 1) + 1 = F k+4 − 1, as desired.
